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Background

A biological basis for morality?

https://www.youtube.com/watch?v=meiU6TxysCg&t=78s
(Excerpt from Frans de Waal's TED talk).
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Background

Why is cooperation so widespread?

Models of cooperation based on the Prisoner's Dilemma and the Snowdrift game,
by Michael Doebeli and Christoph Hauert, Ecology letters, 2005.
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Background

One solution

Evolutionary Game Theory uses mathematical models of evolution to
understand the origins of behavior, allowing a rigorous commentary on
profound questions like how to sustain international cooperation and the
origin of multicellular life.

Beyond this intuitive appeal, it features a number of fascinating
mathematical phenomena, including tipping points, complex nonlinear
interactions, hysteresis, and chaos.

Like modeling in ecology, the goal is primarilyqualitative insights rather
than quantitative predictions .
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Background

Mathematical Approaches

Many fundamental models of evolution are given byMarkov chains, a
type of memory-less stochastic processes. These can often be summarized
through a transition matrix which determines the long term behavior of
the system, or the probability of getting stuck in some state.

~xt = M t ~x0

Various limits can transform these into deterministic models such as
systems of ordinary di�erential equations .

d
dt

~x = F(~x)
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Background

Thesis at a glance
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Exploration / Exploitation

The Multi-Armed Bandit

Decisions rarely happen in isolation. We often face the same choices over
and over again: what to order at a restaurant, who to ask for advice,
which drugs to continue developing, ...

We need toexplore our options, but alsoexploit the best ones. The
tension between these has been a longstanding question in computer
science [GGW11, Whi80, S+ 19].
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Exploration / Exploitation

Reinforcement Learning

Reinforcement Learning is a Machine Learning paradigm that consists of
an agent learning the optimal action depending on the state of an
environment. The core idea is simple: actions with bene�cial consequences
will be repeated more.

Practice far outpaces theory with this technique, especially with
Multi-Agent RL as this creates a dynamic environment. We sought to
improve understanding of exploration by combining evolutionary and
learning dynamics, focusing on the evolution of temperature, an
exploration parameter.
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Exploration / Exploitation

Q-learning

We consider a foundational model of RL with strong theoretical guarantees
[WD92, LP22]. Agents keep a table of values for each action. Under the
Boltzmann mechanism, their probability of choosing actioni is

xi (t ) =
exp(Qi (t )=T )

P
i exp(Qi (t )=T )

These Q-values are then updated by

Qi (t + 1) = Qi (t ) + � [ri (t ) � Qi (t )] (1)

whereri (t ) is the reward of choosing actioni at time t , and � is the
learning rate.
Taking the time derivative then rearranging and scaling time by�= T , we
�nd

_xi
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Exploration / Exploitation

Public Goods Games

Each ofN individuals contributes some amountci to a pot, which is
scaled by a functionf (x) then distributed evenly among the players.

Free-Rider problem / Tragedy of the Commons : individuals bene�t
from contributing less, but this hurts the collective.
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Exploration / Exploitation

Stochastic Model

Our model consists of a population ofN agents following reinforcement
learning: stateless Q-learning with parameters� and T . Each time step, a
group ofk individuals is selected to interact, and receives payo�s from the
public goods game based on the set of actions they choose. Then each
individual has probabilityr of independently being replaced by another
proportional to their �tness (averaged over interactions).

Rather than study individuals evolutionary trajectories, we investigate the
�xation probability among traits, their probability of replacing all
individuals with the resident trait. These would allow us to simulate
evolutionary trajectories, assuming the mutation rate is low enough that
only two types occur at a time.
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Exploration / Exploitation

Deterministic Model

Letting x be the probability of an agent contributing, their strategy
dynamics are given by

_x = x(1 � x)
�

rC � rD � T ln
x

1 � x

�
(3)

Assuming all agents follow the strategyx, the averaged rewards are

cooperation: rC (x) = � 1 +
k� 1X

i =0

�
k � 1

i

�
x i (1 � x)k� 1� i f (i + 1) (4)

defection: rD (x) =
k� 1X

i =0

�
k � 1

i

�
x i (1 � x)k� 1� i f (i ) (5)

We study a proxy of �xation probability, theinvasion �tness
p(m; r ) � p(r ; r ) wherep(m; r ) is the (equilibrium) payo� to the mutant if
one individual follows the mutant strategym while the rest follow resident
strategyr .
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Exploration / Exploitation

Learning Trajectories
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Exploration / Exploitation

Replacement rate and Temperature

Temperature has a non monotonic e�ect on contribution levels, and
replacement generally increases contribution.
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Exploration / Exploitation

Selection e�ects

By varying the reward function, we found cases where the temperature
evolved up, down, and to a stable value. The above plot uses rewards
[1; 1; 1; 1; 5]. Since the system was solved numerically, there was also some
nuance here.
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Exploration / Exploitation

Optimal Control

We also determine when each boundary case optimizes the level of
contribution.
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Exploration / Exploitation

Prior Investigations

This work extended our previous studies into a model with exploration by
simple di�usion. There we had a closed form for the invasion �tness as the
maximum eigenvalue of a certain matrix.

We found the counterintuitive result that these mutation rates could
evolve upwards even under constant selection! This e�ect was robust to a
variety of local mutation models.
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Exploration / Exploitation

Summary

Results:

Our work extended MARL through dynamic groups, similar to the
transition from Classical to Evolutionary Game Theory. We
investigated this model through stochastic simulations and a
deterministic system of ODE's.

Restricting to a small case, we characterized when selection would be
positive or negative and the optimal reward function.

Next steps:

Add a number of rounds, or continuation probability, parameter to
investigate iterated games.

Use more sophisticated learning methods, such as neural networks or
deep Q-learning.

Extend the analysis to groups with heterogeneous exploration rates.
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Opinion Dynamics

Motivation

Question: How do local interactions shape global trends in opinions?

Applications : polarization and echo chambers, the spread of
misinformation, adoption of new technologies[WSP+ 24], optimal
advertising in politics or marketing [AKPT18], ...

Complex systems: these are an interesting example of local interactions
creating global e�ects. Translating between these micro and macro scales
can reveal unexpected emergent phenomena.
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Opinion Dynamics

Background

Opinion dynamics studies the degree of fragmentation caused by a wide
variety of local update rules[SLST17, Lor07]. Of particular interest are
consensus and polarization states.

Statistical physics approaches[CFL09] study phase transitions, like in
the voter models where individuals adopt opinions from their
neighbors at random[CS73, HL75].

The DeGroot model[DeG74] updates the vector of opinions through
multiplication by an in
uence matrix.

The Hegselmann{Krause model uses a dynamic in
uence matrix
where all opinions within some distance of one's own opinion are
given equal weight[RK02].

Many other models ...
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Opinion Dynamics

Stochastic Model (extension of Axelrod's work)

A population ofN individuals each haveJ independent binary
opinions (0 or 1), where issuei has weightwi 2 R+ .

Iteratively, a focal and target individual are chosen, as well as one of
the J issues, all uniformly at random. If the similarity

� (s; t ) =
JX

i =1

wi � (si ; t i ) (6)

of their opinionss and t is above a friendship threshold� f , the focal
individual adopts the target's opinion on the issue discussed. If the
similarity is below an enemy threshold� e, they adopt the opposite
opinion.

For the majority of this work we use� f = � e for simplicity.
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Opinion Dynamics

Deterministic model

To better understand these dynamics, we take a large population limit to
obtain a system of di�erential equations

d
dt

xs = � xs

"
X

t

Ls;t xt

#

+
JX

i =1

xfi (s)

"
X

t

Gi
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#
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8
><

>:

1 � d(s;t )
J � (s; t ) < � e

0 � e < � (s; t ) < � f
d(s;t )

J � f < � (s; t )

Gi
s;t =

8
><

>:

1
J � (fi (s); t ) < � e and t i 6= si
1
J � (fi (s); t ) > � f and t i = si

0 otherwise
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Opinion Dynamics

Example

For � f = � e = 9 :5 with weights [9; 8; 6; 4], we have 4ddt x0000 is

� x0000(x0001 + x0010 + 2x0011 + x0100 + 2x0101 + 2x0110 + x0111 + :::

::: + x1000 + 2x1001 + 2x1010 + x1011 + 2x1100 + x1101 + x1110)

+ x1000(x0000 + x0001 + x0010 + x0100 + x1111)

+ x0100(x0000 + x0001 + x0010 + x1000 + x1111)

+ x0010(x0000 + x0001 + x0100 + x1000 + x1111)

+ x0001(x0000 + x0010 + x0100 + x1000 + x1111)

We are trying to understand the behavior of this nonlinear system of
equations in 2J variables with respect toJ + 2 parameters.
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Opinion Dynamics

Convergence times and Probability of consensus
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Opinion Dynamics

Symmetries in ODE model
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Opinion Dynamics

Classi�cation of�

This model only depends on the relationships between opinions. There are
only �nitely many values for the similarity of two opinions, given by a sum
of some subset of the weights.

Any two thresholds in an interval between adjacent subset sums will
produce the same model.
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Opinion Dynamics

Classi�cation of weights

If two weight lists have these subset sums in di�erent orders, then they
can produce di�erent relationships between the opinions and therefore
di�erent models. Thus it su�ces to determine all possible orderings of
these subset sums. These are completions of the partial order of subsets
sums into a total order.

We can do this by thetopological sorting algorithm: at each iteration,
one chooses a minimal element of the partially ordered set as the next
smallest, removes it from the partially ordered set and possibly updates the
ordering.

The number of these cases for eachJ is 1,1,2,14,516,124187,214580603,...
(OEIS A009997).
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Opinion Dynamics

Hasse Diagram forJ = 4
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Opinion Dynamics

Symmetry Table
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Opinion Dynamics

Symmetry diagrams
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Opinion Dynamics

Explanatory Diagram
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Opinion Dynamics

How symmetries build

We can change the symmetry type by introducing an issue, changing the
properties of the opinion dynamics.
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